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ABSTRACT. The thermodynamics of three-dimensional asymptotically flat cos-
mological solutions that play the same role than the BTZ black holes in the
anti-de Sitter case is derived and explained from holographic properties of flat
space. It is shown to coincide with the flat-space limit of the thermodynamics of
the inner black hole horizon on the one hand and the semi-classical approxima-
tion to the gravitational partition function associated to the entropy of the outer
horizon on the other. This leads to the insight that it is the Massieu function that
is universal in the sense that it can be computed at either horizon.
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1 Introduction
In order to test holographic ideas in gravitational theories [1, 2] and go beyond the context
of the AdS/CFT correspondence [3], it seems useful to first try to extend the AdS3 re-
sults to the flat case. Indeed, for the former case, there is complete control on symmetries,
charges and central extensions [4], on solution space [5, 6], including black holes [7, 8]
and a compelling conformal field theory interpretation [9].
Asymptotically flat gravity in three dimensions at null infinity [10] is arguably as sim-
ple and interesting a model: again, there is complete control on symmetries [11], charges,
central extensions [12], solution space with a conformal field theory interpretation [13],
and the precise relation to the AdS3 case [14]. In particular, the flat-space limit of the
BTZ black holes are simple cosmological solutions.
The purpose of this paper is to try push this project to a level of understanding similar
to that achieved in the AdS3 case by deriving the thermodynamics of the Cauchy horizon
of the cosmological solutions and providing a holographic derivation of their entropy in
the grand canonical ensemble through an appropriate Cardy-like formula.
We then point out that this thermodynamics is the flat-space limit of the one of the
inner BTZ horizon. More generally, the relevance of inner horizon thermodynamics in
this and related contexts has been stressed for instance in [15, 16, 17, 18, 19, 20]. The
semi-classical approximation to the logarithm of the partition function of the AdS3 case
is a Massieu function for the entropy of the outer horizon and has a good flat-space limit
that coincides with the one directly computed in the flat case.
As a by-product and a case in point, it is then readily seen that the Massieu function
is universal in the sense that it can be computed from the entropy at either BTZ horizon.
2 Thermodynamics of cosmological solutions
In BMS form, the cosmological solutions are explicitly given by
ds2 = 8GMdu2 − 2dudr + 8GJdudφ + r2dφ2, (2.1)
with M > 0, while their ADM form is
ds2 = −N2dt2 + N−2dr2 + r2(dϕ+ Nϕdt)2,
N2 = −8MG + 16G
2 J2
r2
, Nϕ =
4GJ
r2
,
(2.2)
where, again, t = u + f (r), ϕ = φ + g(r), with f ′ = N−2, g′ = −Nϕ f ′. In the
discussions below, we explicitly assume J 6= 0 most of the time. In ADM coordinates, it
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follows that the null hypersurface
rC =
√
2GJ2
M
, (2.3)
is special, but in BMS coordinates, which now play the role of outgoing Eddington-
Finkelstein coordinates, this hypersurface is regular.
As discussed in [14], let α =
√
8GM and consider the coordinate changes1, X =
ϕ − ΩCt, so that (ϕ, X) ∼ (ϕ + 2π, X + 2π), T2 = 1α2 (r2 − r2C) for r > rC, and
r¯2 = − 1
α2
(r2 − r2C) for r < rC. The metric then becomes
ds2 =
{
−dT2 + r2CdX2 + α2T2dϕ2, r > rH,
dr¯2 + r2CdX
2 − α2r¯2dϕ2, r < rH .
(2.4)
In the outer region, it thus describes a cosmology with spatial section a torus with radii
rC and αT. Furthermore, the curves ϕ = λ = X, T = cte respectively r¯ = cte are closed
geodesics that are spacelike in the outer region and time-like in the inner region when
r¯ > rCα . It follows that the hypersurface is a Cauchy horizon and that one may decide to
cut the space-time at r¯ = rCα and thus at r = 0, as in the BTZ case. The proof in [8] on the
absence of closed time-like curves using ADM coordinates can then directly be applied
to this case as well, the only difference being that the outer region (I) of the BTZ black
hole has disappeared as the outer horizon is pushed to infinity in the flat limit.
From the point of view of identifications of Minkowski spacetime, these geometries
have been studied previously in [21, 22, 23]. In the latter two references for instance,
their role for string cosmology and how they arise as a suitable limit of BTZ black holes
have been emphasized.
The Cauchy horizon is also a Killing horizon. The generator is ξ = ∂u + ΩC∂φ =
∂t + ΩC∂ϕ, while the surface gravity is determined through ξνDνξµ = κCξµ, with
µC = ΩC = −2MJ , TC = β
−1
C =
κC
2π
=
Ω2C
2π
rC =
2
π
√
2GM3
J2
. (2.5)
Let ΦC = βCµC = − 2πα |J|J . In terms of the Bekenstein-Hawking entropy
SC =
2πrC
4G
=
π2
GβCµ
2
C
=
π2βC
GΦ2C
, (2.6)
the first law takes the form
dM = −TCdSC −ΩCdJ. (2.7)
1Note that there is a sign mistake in equation (61) of this reference, the first term on the right hand side
should read (αdt + 4GJα dϕ)
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Define ln ZC(βC, ΦC) as the Legendre transform of the entropy SC(M, J) that sat-
isfies M = − ∂ ln ZC
∂βC
, J = − ∂ ln ZC
∂ΦC
. It is a (generalized) Massieu function for the
entropy and the semi-classical approximation of the partition function (see e.g. [24] and
also [25, 26] for considerations in Euclidean quantum gravity).
The unusual form of the first law forces one to use the opposite sign for SC in the
Legendre transform as compared to the case of a standard first law,
ln ZC(βC, ΦC) = −SC − βC M−ΦC J, ln ZC = − π
2βC
2GΦ2C
= − π
2
2GβCµ
2
C
. (2.8)
Note that if one takes the Hawking temperature to be negative, TC = β−1C = − 2π
√
2GM3
J2
,
the first law comes with the usual sign, which implies that it is SC rather than −SC that is
involved in the Legendre transform. The final expression for ln ZC is unchanged.
3 Euclidean solution
When letting t = −itE, J = i JE, α = iαE, r2EC =
16G2 J2E
α2E
, the corresponding Euclidean
solution is
ds2E =
α2E(r
2 − r2EC)
r2
dt2E +
r2
α2E(r
2 − r2EC)
dr2 + r2(dϕ+
4GJE
r2
dtE)
2. (3.1)
Let ǫJ denote the sign of J. The change of coordinates
R2E =
1
α2E
(r2 − r2EC),
ϕE = −ǫJαEϕ,
ZE = rECϕ+ ΩECrECtE
⇐⇒

r2 = α2ER
2
E + r
2
EC,
ϕ = − ǫJαE ϕE,
tE =
ǫJ
αEΩEC
ϕE +
1
ΩECrEC
ZE,
(3.2)
where ΩEC = − 2MJE = iΩC brings the metric explicitly to the flat form
ds2E = dZ
2
E + dR
2
E + R
2
Edϕ
2
E. (3.3)
Absence of conical singularities requires ϕE ∼ ϕE + 2π and implies ϕ ∼ ϕ + ΦEC,
tE ∼ tE + βEC, where ΦEC = −ǫJ 2παE = iΦC and βEC = ǫJ 2πΩECαE = β, in agreement
with section 2.
4 3d flat space holography
4.1 BMS3 algebra and group
Let Y = Y(φ), T = T(φ). Following [11, 13, 27], the bms3 algebra can be represented
in terms of vector fields in one, two and three dimensions, namely as
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1. the semi-direct sum of algebra of vector fields y = Y∂φ on the circle with the
abelian ideal of tensor densities of degree −1, t = Tdφ−1, where [y, t] = Y∂φT +
∂φYT,
2. the Lie algebra of vector fields ξ = (T + u∂φY)∂u + Y∂φ on I + = S1 ×R with
coordinates (u, φ),
3. the algebra of vector fields describing the symmetries of asymptotically flat three-
dimensional spacetimes at null infinity equipped with the Lie algebroid bracket.
The basis elements jm ↔ (Y = eimφ, T = 0) and pm ↔ (Y = 0, T = eimφ) satisfy
the commutation relations
i[jm, jn] = (m− n)jm+n,
i[jm, pn] = (m− n)pm+n,
i[pm, pn] = 0.
(4.1)
The abstract BMS3 group [11]2 is the semi-direct product of the group of diffeo-
morphisms Diff(S1) of the circle with the abelian normal subgroup of tensor densities
F1(S1). If φ′ = f (φ) denotes an element of the former and a = α(φ)dφ−1 an ele-
ment of the latter, whose component transforms as α′(φ′) = (∂φ
′
∂φ
α)(φ), the action of the
diffeomorphisms on the tensor densities is given by
( f · a)(φ) = (α ∂ f
∂φ
)( f−1(φ))dφ−1. (4.2)
The BMS3 group law is
( f , a) · (g, b) = ( f ◦ g, a + f · b), (4.3)
with a realization as coordinate transformations of S1 ×R of the form
φ′ = φ′(φ), u′ = ∂φ
′
∂φ
(u + α(φ)), (4.4)
where now φ′ = f−1(φ).
4.2 Gravitational results on the Minkowskian cylinder
We summarize here results of [13]. The BMS gauge consists in the metric ansatz
ds2 = e2β
V
r
du2 − 2e2βdudr + r2(dφ−Udu)2, (4.5)
2See e.g. [28], [29], [30], [31] for similar considerations on the globally well-defined BMS4 group.
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for three arbitrary functions β, V, U. In the flat case, assuming β = o(1) = U, the
general solution to the equations of motion is
ds2 = Θ(φ)du2 − 2dudr + 2
[
Ξ(φ) +
u
2
∂φΘ(φ)
]
dudφ+ r2dφ2. (4.6)
The action of the asymptotic symmetries on solution space is given by
−δΘ = Y∂φΘ + 2∂φYΘ− 2∂3φY,
−δΞ = Y∂φΞ + 2∂φYΞ + 1
2
T∂φΘ + ∂φTΘ− ∂3φT.
(4.7)
The conserved surface charges computed at I + with respect to the null orbifold Θ =
0 = Ξ are
QT,Y =
1
16πG
∫ 2π
0
dφ
[
TΘ + 2YΞ
]
,
P
cycl
m =
1
16πG
∫ 2π
0
dφ eimφΘ, J
cycl
m =
1
8πG
∫ 2π
0
dφ eimφΞ,
Θ = 8G ∑
m
P
cycl
m e
−imφ, Ξ = 4G ∑
m
J
cycl
m e
−imφ.
(4.8)
The Dirac bracket charge algebra of the surface charge generators is then given by
i{Jcyclm , Jcycln } = (m− n)Jcyclm+n,
i{Jcyclm , Pcycln } = (m− n)Pcyclm+n +
c2
12
m3δ0m+n, c2 =
3
G
i{Pcyclm , Pcycln } = 0.
(4.9)
The cosmological solutions are characterized by Pcyclm = δ0mM> 0 and J
cycl
m = δ
0
m J ∈
R while Pcyclm = − c224δ0m, J
cycl
m = 0 for Minkowski space-time. In particular,
H = Q∂u = P
cyl+
0 , J = Q∂φ = Jcyl+0 , (4.10)
and thus, for the cosmological solutions, H = M, J = J.
From the way they are constructed as surface integrals at I +, the quantities Q∂u , Q∂φ
associated with the null vector ∂u and the space-like vector ∂φ are respectively the Bondi
mass and angular momentum, which are conserved in three dimensions due to the absence
of news. As discussed before, in the particular case of the cosmological solutions, ∂u and
∂φ are in addition Killing vectors.
To recover more standard relations, it is useful to introduce the normalized variables
P++(φ) = − 18G Θ, J++(φ) = − 14G Ξ.
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4.3 Mapping to the Euclidean plane
Let z = eiφ. To go to the Euclidean plane, we also need u = −itE, but this is irrelevant
for the charges which are time independent. Infinitesimally, one has z = φ+ Y(φ) and
works to first order in Y, so that Y = eiφ − φ and T = 0.
Following the same computation as for the energy momentum tensor of a conformal
field theory (see e.g. Section 5.4.1 of [32]), the finite version of the first relation of (4.7)
implies that P++ transforms with the Schwarzian derivative,
P(z) =
(
dz
dφ
)−2
P++(φ) +
c2
12
{φ; z}, {φ; z} =
d3φ
dz3
dφ
dz
− 3
2
 d2φdz2
dφ
dz
2 , (4.11)
so that
P++(φ) = −z2P(z) + c2
24
. (4.12)
The second equation of (4.7) for T = 0 then implies that there is no Schwarzian derivative
term in the transformation of J++(φ).
J++(φ) = −z2 J(z). (4.13)
For Y(φ), because we are dealing with a vector field, we get Y(φ) = ǫ(z)(iz)−1 . The
geometrical object is the tensor density t = T(φ)dφ−1, so that T(φ) = θ(z)(iz)−1 , we
then have
− δǫ,θP = ǫ∂P + 2∂ǫP + c212∂
3ǫ,
− δǫ,θ J = ǫ∂J + 2∂ǫJ + θ∂P + 2∂θP + c212∂
3θ,
Qǫ,θ = − 12π
∮
|z|=1
dz
[
θ(P− z−2 c2
24
) + ǫJ
]
,
Pm =
1
2πi
∮
|z|=1
dz zm+1P, Jm =
1
2πi
∮
|z|=1
dz zm+1 J,
P(z) = ∑
m
Pmz
−m−2, J(z) = ∑
m
Jmz
−m−2
P
cyl
m = Pm − c224δ
0
m, J
cyl
m = Jm.
(4.14)
In terms of Pm, Jm, the algebra is as in (4.9) with the central term changed from c212 m3δ0m+n
to c212m(m
2 − 1)δ0m+n.
Minkowsi space-time corresponds to Pm = 0 = Jm. The assumption is now that this
solution corresponds to the vacuum state, then there is a mass gap and the cosmological
solutions correspond to the other relevant states. In terms of P0, the vacuum state is at
zero eigenvalue and then the other relevant states have eigenvalues greater or equal to c224 .
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4.4 Cardy-like formula for the flat-space partition function
Consider3 the partition function on the torus defined as
Z(β, µ) = TrHe−β(H+µJ ). (4.15)
By introducing a temperature β, one introduces a length scale into the system, which
can be taken to be l, so that β˜ = βl is dimensionless. At this stage, l has nothing to
do with a cosmological radius. Consider then the complex plane with z = φ + i ul and
the cylinder defined by the periods ω1,ω2 ∈ C. The BMS3 transformation φ′ = 1ω1φ,
α(φ) = 0 implies z′ = 1ω1 z so that one can set ω1 to 1 and work in terms of the modular
parameter τ = ω2ω1 . The question is then whether a PSL(2, Z) transformation
(
a b
c d
)
of
the torus can be induced from a BMS3 transformation, or in other words, whether
φ′ + i
u′
l
=
az + b
cz + d
=
(aφ + b)(cφ + d) + l−2u2ac + i ul
(cφ+ d)2 + l−2u2c2
. (4.16)
When c = 0, this is possible by choosing φ′ = φ, α(φ) = il(φ − a(aφ + b)). When
c 6= 0, this is possible only up to terms of order l−2, in which case φ′ = aφ+bcφ+d , α(φ) = 0.
It follows from section 3 that the modular parameter relevant for the cosmological
solution is τ = 12π (ΦE +
iβ
l ) =
β
2π (µE +
i
l ) with µ = −iµE. Invariance under the
modular transformation τ → − 1τ would imply that
Z(β, µE) = Z(
4π2
β(l−2 + µ2E)
,− 4π
2µE
β2(l−2 + µ2E)
). (4.17)
In terms of ΦE = βµE, this invariance takes the form
β→ 4π
2
β(
Φ2E
β2
+ l−2)
, ΦE → − 4π
2
ΦE(1 + l−2
β2
Φ2E
)
. (4.18)
It thus follows that the partition function of a BMS3-invariant theory is expected to satisfy
Z(β, µE) = Z(
4π2
βµ2E
,− 4π
2
β2µE
), (4.19)
or in terms of ΦE,
β→ 4π
2β
Φ2E
, ΦE → −4π
2
ΦE
. (4.20)
Taking into account the mass gap, one finds in the high-temperature limit β→ 0,
ln ZCardy(β, µE) =
4π2
βµ2E
c2
24
=
π2
2Gβµ2E
, (4.21)
which agrees with (2.8).
3The considerations of this section have been elaborated on the basis of an argument by S. Detour-
nay, T. Hartman and D. Hofman which has appeared in [33] after the current work has been accepted for
publication.
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5 Flat-space limit of AdS3 results
5.1 Symmetries and charges
In order to compare flat-space and AdS3 results [14], it is useful to present both in the
same BMS gauge rather than using the more usual Fefferman-Graham gauge for the lat-
ter. The correct scaling of space-time coordinates that gives the limit then turns out to be
a modified Penrose limit. On the level of the algebra of symmetries and charges, this ap-
proach shows in detail and in spacetime terms how the contraction, identified previously
on purely algebraic grounds in [12], comes about: in a first step, the two copies of the
Virasoro algebra L±m with equal central charges c± = 3l2G = c in the gravitational case, is
presented in terms of the redefined generators
Pm =
1
l
(L+m + L
−
−m), Jm = L
+
m − L−−m, (5.1)
and reads
i{Jm, Jn} = (m− n)Jm+n + c
+ − c−
12
m(m2 − 1)δ0m+n,
i{Jm, Pn} = (m− n)Pm+n + c
+ + c−
12ℓ
m(m2 − 1)δ0m+n,
i{Pm, Pn} = 1
l2
(
(m− n)Jm+n + c
+ − c−
12
m(m2 − 1)δ0m+n
)
,
(5.2)
In the second step, at fixed generators, the limit l → ∞ is taken and reduces to the flat-
space result.
When normalized with respect to the M = 0 = J BTZ black hole, the Hamiltonian
is H = 1l (L0 + L¯0 − c12). The mass gap with AdS3 spacetime is the same than the one
in flat space between the cosmological solutions and Minkowski spacetime and given by
c
12l =
c2
24 =
1
8G , independently of l.
5.2 Thermodynamics
For the BTZ black holes, the standard ADM form is
ds2 = −N2dt2 + N−2dr2 + r2(dϕ+ Nϕdt)2,
N2 =
r2
l2
− 8MG + 16G
2 J2
r2
, Nϕ =
4GJ
r2
.
(5.3)
Defining
r2± = 4GMl2
[
1±
√
1− J
2
M2l2
]
, M =
r2+ + r
2−
8Gl2
, J =
r+r−
4Gl
, (5.4)
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temperature, angular velocity and Bekenstein-Hawking entropy are given by
TH =
1
β
=
r2+ − r2−
2πl2r+
, µ = ΩH = − r−
r+l
, SBH =
2πr+
4G
, (5.5)
with a first law of the form
dM = THdSBH −ΩHdJ. (5.6)
The Bekenstein-Hawking entropy, and thus also the matching Cardy formulas for the
entropy (5.15) below, can obviously not be obtained as the limit l → ∞ of the AdS case
since r+(M, J, G; l) is pushed out to infinity and does not have a good limit.
Left and right temperatures are defined through
T+ =
TH
1 + lΩH
=
r+ + r−
2πl2
, T− =
TH
1− lΩH =
r+ − r−
2πl2
. (5.7)
Inverting the relations in terms of inverse temperature and chemical potential, one gets
r+ =
2π
β(l−2 − µ2) , r− = −
2πlµ
β(l−2 − µ2) , SBH(β, µ) =
π2
Gβ(l−2 − µ2) . (5.8)
In this case, due to the standard form of the first law, the Massieu function for the
Bekenstein-Hawking entropy is
ln ZBH(β, Φ) = SBH − βM−ΦJ,
ln ZBH =
π2β
2G(l−2β2 −Φ2) =
π2
2Gβ(l−2 − µ2) . (5.9)
Its flat space-limit agrees with the one for the cosmological solution (2.8).
The thermodynamics of the inner (Cauchy) horizon of the BTZ black holes has also
been discussed recently [19] and is given by
T−H =
1
β−
=
r2+ − r2−
2πl2r−
, µ− = Ω−H = −
r+
r−l
, S− =
2πr−
4G
, (5.10)
with a first law of the form
dM = −T−H dS− −Ω−HdJ. (5.11)
As a side remark, note that when introducing T+H = TH , we have
1
T±H
= 12(
1
T− ± 1T+ ).
Inverting gives in this case
r− =
2π
β−((µ−)2 − l−2) , r+ = −
2πlµ−
β−((µ−)2 − l−2) ,
S−(β−, µ−) =
π2
Gβ−((µ−)2 − l−2) . (5.12)
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Again, taking into account the unusual form of the first law, the Massieu function is
ln Z−(β−, Φ−) = −S− − β−M−Φ− J,
ln Z− =
π2β−
2G(l−2(β−)2 − (Φ−)2) =
π2
2Gβ−(l−2 − (µ−)2) . (5.13)
If one chooses the negative sign for the Hawking temperature, T−H =
1
β− =
r2−−r2+
2πl2r−
,
the signs in the first law and the Legendre transform become standard, r+(β−, µ−),
r−(β−, µ−) change sign, while the final expression for ln Z− is unchanged.
In all cases, the Massieu function is universal in the sense that it does not depend on
whether one derives it from the Bekenstein-Hawking entropy of the inner or the outer
BTZ horizon.
The horizon of the cosmological solution is the limit of the inner horizon of the BTZ
black hole,
rC = lim
l→∞
r−(M, J, G; l). (5.14)
Furthermore, all thermodynamic variables of the cosmological solutions are precisely the
flat-space limit l → ∞ of the variables of the inner horizon of the BTZ black hole.
5.3 Cardy-like formula in the grand canonical ensemble
As discussed in [9, 34, 35], when using the Cardy formulas
SCardy = π
√
2c+L
cycl+
0
3
+ π
√
2c−Lcycl−0
3
=
π2l
3
(c+T+ + c
−T−), (5.15)
one gets agreement,
SCardy = SBH. (5.16)
As a side remark, we also notice that S−BH =
π2l
3 (c
+T+ − c−T−).
Instead of a Cardy formula for the entropy, one can derive an equivalent formula for
the partition in the standard way. Indeed, the partition function can be written as
Z[β, µ] = TrHe−β(H+µJ ) = TrHqL0−
c
24 q¯L¯0−
c
24 = Z[τ, τ¯], (5.17)
where q = e2πiτ and
τ =
β
2π
(µE +
i
l
), (5.18)
with
µ = −iµE. (5.19)
Modular invariance now implies (4.17) for all values of l, the flat-space limit being (4.19).
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In the high temperature limit β→ 0 one then finds
ln ZCardy(β, µE) =
4π2
β(l−2 + µ2E)
c
12l
, (5.20)
which agrees with (5.9) when using (5.19). In addition, its flat-space limit gives (4.21),
as it should.
6 Discussion
In the context of non-relativistic versions of the AdS/CFT correspondence in three di-
mensions, the two dimensional Galilean conformal algebra gca2 algebra plays a promi-
nent role [36, 37, 38]. Based on [12] and the holographic interpretation of the flat space
asymptotic structure in [13] in terms of the first two representations discussed in section
4, it has been pointed out in [39] that the bms3 algebra is isomorphic to gca2. Referring
to this kind of symmetry based flat space holography as a BMS/GCA correspondence
is thus misleading. This is so not only from a chronological but also from a physical
point of view. Indeed, contrary to what the wording of [40] might suggest, the correct
scaling of coordinates that implements the algebraic contraction [12] of the two copies of
the Virasoro algebras to the bms3 algebra in either bulk or boundary space-time terms,
has nothing to do with a non-relativistic limit but rather, as shown through a detailed bulk
analysis in [14], with a modified Penrose limit.
Of course, the isomorphism of algebras means that group theoretic results on gca2
are very relevant for flat-space holography. Other results may be transposed as well.
For instance, the remnant of modular invariance and the resulting Cardy-like formula for
the partition function that comes from the non-relativistic contraction discussed in [41]
corresponds to exchanging the role of β and ΦE followed by changing the signs in (4.20).
This is consistent with the different roles played by M0, L0 and P0, J0 in both contexts.
Apart from the interest for asymptotically flat three-dimensional gravity and hologra-
phy in this context, one of the more intriguing points of the analysis is the universality
of the Massieu function with respect to the inner and outer BTZ horizons. The natural
question that arises is whether this universality holds in more general cases and for other
horizons as well. It is straightforward to check [42] that it holds also for instance for
the BTZ black hole in topological massive gravity or, with a bit more work, for the Kerr
black hole, for which the thermodynamics at the inner horizon was originally studied in
[43, 44]. The results on the universality of the form of the first law at the inner horizon
should thus really be understood as the proof, for these cases, of the universality of the
Massieu function. What this implies at the quantum level, maybe not quite so surprisingly,
is that it is really the partition function that is universal.
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